ABSTRACT: Several physics aspects of the Seiberg-Witten solution of N = 2 supersymmetric Yang-Mills theory with SU(2) gauge group, supplemented with a small mass term for the "matter" fields which leads to an N = 1 theory with confinement, are discussed. The light spectrum of the theory is understood on the basis of current algebra relations and the CP invariance of the massless and massive theories are studied. We find that in the massive (confining) theory the low energy physics has an exact CP symmetry, while in a generic vacuum in the massless theory CP invariance is broken spontaneously.
In a celebrated work [1] Seiberg and Witten exploited the (generalized) electromagnetic duality, N = 2 supersymmetry and holomorphic property of effective actions, to solve exactly a strongly interacting non Abelian theory in four dimensions, i.e., to compute the vacuum degeneracies, and in each vacuum, to determine the exact spectrum and interactions among light particles.
An especially interesting observation of Ref [1] , made in the pure N = 2 supersymmetric YangMills theory with SU (2) gauge group, is that upon turning on the mass term 1 d 2 θ T r mΦ 2 , m ≪ Λ, the light magnetic monopole field condenses, providing thus the first explicit realization of the confinement mechanism envisaged by 't Hooft. [2] In this note we wish to make some further observations on this model.
There are in fact several related questions which to our knowledge have not yet been discussed fully. Why do the vacua in the massive (confining) theory correspond precisely to those points of the quantum moduli space (QMS) of the N = 2 theory where the magnetic monopole becomes massless? Usually, one expects that a dynamically generated mass in a non Abelian theory with scale Λ is of the order of Λ, while in this model the mass gap is of the order of m 1/2 Λ 1/2 / log 1/2 (Λ/m) (see below).
Why is that so? Is the CP invariance spontaneously broken at low energies? Does the oblique confinement [2] take place? Do dyons condense? What is the relation between the Seiberg-Witten effective action and the more speculative (but supposedly exact) effective superpotential constructed for the N = 1 theory with the "integrating in" procedure? [3] Finally, has all this got anything to do with what happens in an N = 0 theory of interest such as QCD?
A first general remark is that one is here dealing with a system with large vacuum degeneracy, intact after full quantum corrections are taken into account. This vacuum degeneracy is (almost) eliminated by the mass perturbation, d 2 θ T r mΦ 2 , leaving only a double degeneracy corresponding to the order parameter u = Tr φ 2 = ±Λ 2 .
As is usual in the standard degenerate perturbation theory in quantum mechanics, to lowest order the only effect of the perturbation is to fix the vacuum to the "right", but unperturbed, one, with N = 2 (hence SU R (2)) symmetric properties. This means that the SU R (2) current of the original theory,
where Ψ = λ ψ , is well approximated in the low energy effective theory by the Noether currents (of the low energy theory)
where
is the dual of the (color diagonal part of) Ψ, and S ≡ M M †
. In arriving at
Eq.(2) we identified the high energy and low energy SU R (2) groups such that the doublet
We follow the notation of Ref [1] . 2 The effective low energy action is [1] 1 4π
, with the addition of the standard terms for the magnetic monopole sector,
Let us consider the current-current correlation function
and an associated R-like ratio,
appropriately normalized (by introducing hypothetic "leptons"). At high energies R just counts the number of λ and ψ "quarks" (asymptotic freedom), apart from calculable logarithmic corrections as well as an infinite number of not-so-easily-calculable power corrections (involving gluonic and higher condensates):
At low energies, the same quantity is simply given by the weakly interacting dual fields and magnetic molopoles,
where two out of three comes from the contributions from λ D and ψ D (one each) and one from M andM (one half each). This amounts to an exact resummation of an infinite number of power and logarithmic corrections.
To next order the effect of the explicit SU R (2) breaking,
must be taken into account. 3 In particular, the anomaly of Ref [4] 
implies that the SU R (2) symmetry is spontaneously broken also (which may be called induced breaking). 4 As λ 2 condensate is a triplet it breaks SU R (2) symmetry completely, implying three light pseudo Nambu-Goldstone particles. Also, the supersymmetric Ward-Takahashi like identity
3 Although we are discussing here the first order mass corrections in a degenerate perturbation theory, many crucial relations are exact due to the nonrenormalization theorem (the form of the superpotential, etc). Most results below, in particular the exact CP invariance of the low energy theory, should survive higher order corrections which affect only the D type terms. 4 This is similar to what happens to the isospin invariance in QCD: although the main dynamical effect (quark condensation) is isospin invariant, the addition of unequal up and down quark masses causes the respective condensates to take a little different values, thus breaking spontaneouly the isopspin, very slightly.
and the fact that φ is in the adjoint representation hence probably Tr φ
The associated "pion decay constants" can be easily read off from the expression of the low energy currents Eq.(2). Let us recall that upon turning on the mass term the vacuum is found to be fixed at A D = 0, u = Λ 2 as noted by Seiberg and Witten. [1] The superpotential
, minimized with respect to A D ,M and M , indeed yields A D = 0 and the magnetic monopole condensation,
Expanding the magnetic monopole fields around its vacuum expectation value
one finds that
Also, it is easy to see that the three pseudo Nambu Goldstone bosons are (to lowest order) the real and imaginary parts of M −M and the imaginary part of M † (M +M ), apart from normalization.
(Actually, a linear combination of the real and imaginary parts of M −M becomes the longitudinal part of the dual vector boson by the Higgs mechanism.)
As for the masses of the light particles, they can be studied most easily from the fermion bilinear terms arising from the Yukawa interaction terms upon shifting the magnetic monopole fields (Eq.(13)). It reads
A subtle point in reading off the masses from Eq. (15) is that since the fields λ D and ψ D do not have the canonical kinematic terms, they must be re-normalized by (2) for the low energy currents such a rescaling has already been done.) In doing so the argument of the dual coupling constant g D should be taken as (m/Λ) 1/2 and not a D = 0, since in the massive theory there is an infrared cutoff. (Such a replacement should automatically take place if the perturbation in m is pushed to higher order. An analogous phenomenon is known in the old chiral perturbation theory due to the small pion mass.) This explains the log(Λ/m) dependence of the masses below.
From Eq.(15) one sees that the fields λ D and ψ 2 ≡ (ψ M − ψM )/ √ 2 form a Dirac type massive fermion with mass
while in the subspace of two Weyl fermions ψ D and ψ 1 ≡ (ψ M + ψM )/ √ 2 the mass matrix reads
where U ′′ (0) = −1/2. The phases of these matrix elements can be chosen all real and positive by an appropriate phase rotation of the ψ D and ψ 1 fields (more about these phases below). A real symmetric matrix can be diagonalized by a real orthogonal matrix, leading to mass eigenvalues
The result, Eq.(16), Eq. (18), that all the light particles have mass, 
which is obtained by saturating the current-current correlation functions such as Eq. (3) ners degenerate in mass. Since low energy chiral superfields A D and W D together contain only two scalars, we know a priori that there must be some massless scalars in the low energy effective theory other than these particles -the situation is saved by the light monopoles (which plays here the role of pseudo Nambu-Goldstone bosons)! In other words, the two N = 1 vacua could not be anywhere else in the QMS of N = 2 theory, except at the two singular points u = ±Λ 2 . Other points e.g., with |u| = |Λ 2 |, correspond to theories with only two massless scalars (see Fig. 1 below) hence are not near any of the N = 1 vacua.
Exactly the same physics arises if one starts with an effective action with the (±1, ±1) "dyons", N , N , coupled to A D + A fields: one finds that the introduction of a small mass term fixes the vacuum to be at A D + A = 0 (u = e +iπ Λ 2 , θ ef f = −2π). Because of the Witten's effect (q is the observed electric charge, n e , n m are the integer quantum numbers labelling the particles)
the (1, 1) particle (which would be massive at u = +Λ 2 but massless at u = e +iπ Λ 2 ) actually becomes a pure magnetic monopole there and condenses, leading to confinement of the color electric charges. After a redefinition of the low energy fields by A D + A → A D (which is an allowed SL(2, Z) transformation) and a relabelling of the quantum number n e → n e − n m , the theory in this vacuum becomes even formally identical to the case u = Λ 2 studied above. Thus the "dyon condensation"
does not occur in this model, contrary to such a statement sometimes made in the literature. We may therefore limit ourselves here and below to the u = Λ 2 vacuum without losing generality.
In view of the light spectrum found here let us compare the massive Seiberg-Witten effective low energy theory to a more naïve guess for the structure of the effective action, constructed by introducing just two chiral superfields U = Tr Φ 2 and S ≡ g 2 32π Tr W W and by using the so-called "integrating-in" procedure, which leads to the superpotential [3] S log U 2 Λ 4 + mU.
Eq. (22) is such that the anomalous transformation of the action, 4α(g 2 /32π)F µνF µν (under Φ → e iα Φ), is formally reproduced. Such an "effective action" yields upon minimization of the scalar potential, also the correct results, u = Tr Φ 2 = ±Λ 2 and the anomaly Eq.(9). Nonetheless, it is an incorrect low energy action in this theory, as it does not contain light particles with mass ∼ m 1/2 Λ 1/2 . The reason for such a failure seems to lie in the fact that the global SU R (2) symmetry (and its small induced breaking) in the limit of m/Λ → 0 has not been taken into account properly.
It is of particular interest to study the way CP symmetry is realized in the massless (N = 2) and in the massive (N = 1) theories, and the relation thereof. Although one expects no dependence on the bare θ parameter even in the presence of the Φ mass term since in the original theory there is a massless charged fermion (λ), 6 CP symmetry is realized at low energies in the Coulomb phase (massless case) and in the confining phase (massive case) in different ways. In the massless theory, the θ indepence is assured by the property of the exact Seiberg-Witten solution,
in the following sense. A shift of θ by ∆θ causes the change in Λ as
Λ depends on θ this way since it depends on the bare coupling constant and bare θ parameter through the complex "coupling constant" τ = θ/2π + 4πi/g 2 . Thus all physical properties of an appropriately shifted vacuum u with a new value of θ are the same as in the original theory. In particular, the full spectrum [1] ,
as well as the low energy coupling constant and vacuum parameter are seen to be unchanged, since
6 We thank S. Hsu for pointing out an error in this regards which appeared in the original manuscript.
In other words, the ensemble of theories represented by the points of QMS, taken together, is invariant under θ → θ + ∆θ.
(The above argument may be inverted: the invariance of the theory under Eq. (24) and Eq.(25) can be interpreted as an indication that the anomalous chiral U (1) transformation property of the theory is indeed correctly incorporated in the low energy action.)
On the other hand, at fixed generic u, physics depends on θ (as well as on the bare coupling constant g) non trivially: this is so because the CP invariance is spontaneously broken by u = Tr Φ 2 = 0. Equivalently, at fixed given bare parameters there are theories with different value of u and with inequivalent physics. For instance, the spectrum of some stable particles depends on u (hence on the effective low energy coupling constant g ef f and the theta parameter θ ef f ), if u is smoothly changed along a semicircular path u = e iα Λ 2 , α = 0 → π, as is illustrated in Fig. 1 .
7
Note in particular the periodicity of the spectrum in θ ef f with periodicity 2π, in spite of a nontrivial spectral flow. Also, the theories at u = ±Λ 2 are characterized by the fact that θ ef f = 0 (or ±2π which is the same as 0 because of the periodicity).
Consider now the massive theory. Upon turning on the mass term (even infinitesimal) the vacuum is fixed at A D = 0, u = Λ 2 in which the effectivelow energy vacuum parameter θ ef f takes the value zero. Nonetheless, since u = 0 (as in other vacua in the Coulomb phase) and also M = 0, one might wonder whether CP invariance is broken spontaneously at low energies. In fact this does not occur.
To see that the low energy theory has indeed an exact CP invariance, let us go back to the Yukawa Lagrangian Eq.(15). By using Eq.(12) and the fact that U ′ (0) = −2iΛ; Λ = e iθ/4 |Λ|, and U ′′ (0) = −1/2 one sees that the only nontrivial phases appear in m and M , 
with an overall factor i on the right hand side. By inverting the series one gets
where f (x) = 2x + (1/4)x 2 − (1/32)x 3 + . . . and f ′′ (x) = 1/2 − (3/16)x + . . . are real functions of (possibly complex) variable x.
Now first make the phase rotations
7 It is important that such a path is taken outside the curve on which the ratio a D /a is real and on which the spectrum changes discontinuously, some stable particle becoming unstable, etc. According to Ref [8] it is a near ellipse included entirely in the unit circle |u| = |Λ 2 | except at the points u = ±Λ 2 .
(ψM andM ′ transforms respectively as ψ M and M ′ ). These transformations eliminate phases from all masse terms as well as from the Yukawa terms involving M ′ 's. On the other hand the Yukawa term A D ψ M ψM acquires a phase factor exp −2i(β − α/2) = exp (−iπ/2 − iθ/4). The final rotation
however eliminates this phase from the Yukawa term and simultaneously transforms the argument of f
Thus the low energy effective theory is indeed independent of the bare θ parameter. More important, the spontaneous breakdown of CP invarianceà la T.D. Lee [9] does not occur, all masses and Yukawa interaction coefficients being real. The low energy vacuum parameter θ ef f is zero. This completes the proof of CP invariance in the low energy theory. 8 Since the low energy physics does not depend on the phase θ, no oblique confinement speculated by t'Hooft (condensation of (1,0) -(1,1) dyon pairs with opposite electric charges) [2] takes place in this model.
One might be tempted to conclude that, by using a similar argument as above, "spontaneous CP violation" does not occur a fortiori in the m = 0 theory either, since L Y is much simpler in this case (no explicit mass term, no magnetic monopole condensation). This is not so. First of all, at a generic vacuum u = ±Λ 2 there is nonzero θ ef f F µνF µν term which breaks CP (this is also a spontaneous breaking since the nonzero θ ef f is due to the vacuum expectation value of RedA D /dA). It is true that one can transform away θ ef f by an SL(2, R) transformation of the scalar A D → A D + (θ ef f /2π)A; A → A, which leaves the rest of the effective Lagrangian invariant. Such a transformation however introduces the Yukawa term of the form
Since the condensates A D and A are in general relatively complex, no phase rotation can eliminate the phases completely from the Lagrangian: CP invariance is broken spontaneously in this case. It is interesting that the above shift of the dual scalar A D transforms Witten's boundary effect Eq.(21) -the electric charge of the magnetic monopole, θ ef f /2π, -into the standard (albeit mutually nonlocal) minimal couplings of M with A Dµ and A µ , as can be seen from the N = 2 supersymmetric completion of the Yukawa interaction, Eq.(34).
One thus reaches an amusing conclusion that the massless theory depends (in a given vacuum) on the θ parameter, while the massive theory is independent of it! The low energy CP invariance and non-renormalization of the θ parameter in the massive case may be closely connected to the phenomenon of confinement. According to 't Hooft [2] , the confinement is a sort of dual superconductivity, due to the condensation of (color) magnetic charges. Now if the dynamics of magnetic condensation is such that the magnetic monopoles must have rigorously zero electric charge to be able to condense, then it follows that by Witten's formula Eq.(21) the low energy θ parameter must be exactly zero. (For somewhat related ideas see Ref. [10] .) This seems to be precisely what happens in the massive Seiberg-Witten model. However, since the independence of the low energy theory on the bare θ parameter is due to the presence of a massless fermion in the original model, an aspect probably not shared by the ordinary QCD, it is not clear whether the massive Seiberg -Witten model can be regarded as a good model of solution of the strong CP puzzle.
Let us conclude with a general comment. The bare θ parameter (which can be set to zero) is renormalized in the infrared by multi-instanton effects (or loops of dyons in the dual variables) differently in various vacua, i.e., to a nonzero value in a generic vacuum of the N = 2 theory, to zero in the confining phase (N = 1 theory). Precisely these instanton effects are responsible for maintaining at any scale the duality relation τ D = −1/τ, τ = θ ef f /2π + 4πi/g 2 ef f , which generalizes the Dirac's quantization condition [11] ge = 2πn, n = 0, 1, 2, . . . . Note how an old puzzle related to the Dirac's quantization condition (how to maintain the quantization condition for g and e which are both U (1) coupling constants hence which get renormalized smoothly in the same direction as the scale is slowly varied?) [12] is solved in the Seiberg-Witten model. The "electric" coupling constant g ef f here is truly a non Abelian charge and gets renormalized in the opposite way compared to the U D (1) magnetic charge g D . This consideration seems to strengthen the idea that magnetic monopoles and dyons can appear in Nature only as composite, solitonic particles in the context of a non Abelian gauge theory, spontaneously broken (or gauge-projected) to a group involving U (1) subgroups. 
